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Abstract For the most frequently used two-site model, an exact
binding equation is presented in terms of the total ligand
concentration. This equation has been extended to analyze the
spectroscopic titration experiment where the dilution of protein
solution cannot be neglected, the displacement study, and the
effect of non-specific binding. Thus, with a non-linear regression
program, all unknown binding parameters can be determined
correctly by fitting these equations to the experimental data
without any data transformation. As an example of the use of the
new equations, the experimental data for receptor—insulin
binding were taken from literature and reanalyzed by using a
non-linear regression data analysis program.

Key words: Ligand-protein interaction; Non-linear
regression; Dissociation constant; Binding equation;
Displacement curve

1. Introduction

Studies of ligand binding to proteins are of great impor-
tance in a large number of scientific disciplines, e.g., endocri-
nology, immunology, enzymology, neurobiology, and protein
physical chemistry. Probably the most commonly used models
for analysis of ligand-receptor binding data are the one-site
and two-site models. Graphical methods have traditionally
been the principle means for estimation of parameters in these
models [1-5]. For the one-site binding model, the common
feature of these methods is that they rearrange an original
non-linear equation into a linear form. The slope and inter-
cept of the modified function are used to calculate the re-
quired parameters. However, such graphical methods will
only produce correct values for the parameters in the absence
of error. Since all the experimental measurements will inevi-
tably be subject to some degree of imprecision, and the equa-
tion transformations will result in a non-standard error dis-
tribution, use of linearized equations will not in practice give
the correct values for the binding parameters [6-8]. Let us
consider the Scatchard plot as an example [4]. The objective
of this plot is to transform a set of experimental data into a
plot of the amount of bound ligand divided by the free ligand
(Y axis) as a function of bound ligand (X axis). For a ligand-
binding problem with a single class of non-interacting binding
sites, this transformation will provide a straight line. The next
step is to ‘fit’ a least-squares straight line to the transformed
data points. The slope of this line is related to the ligand-
binding affinity and the X-axis intercept is the binding capac-
ity. Fitting a least-squares straight line to the transformed
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data assumes that the experimental uncertainties follow a ran-
dom distribution and are parallel to the Y axis [7,8]. In a
Scatchard plot, however, the uncertainties are nearly parallel
to the Y axis at low fractional saturation and nearly parallel
to the X axis at high fractional saturation because the experi-
mental error appears on both the independent and dependent
variables [9]. Thus, the use of a least-squares method is not
valid for analysis of the Scatchard plot. When a protein mol-
ecule contains two classes of binding sites, the Scatchard plot
becomes non-linear. Some investigators will draw two straight
lines through the limiting slopes of the Scatchard plot and
assume that these slopes reflect the binding affinities of the
high- and low-affinity classes of sites. As pointed out by
Johnson and Frasier [8], however, it is nearly impossible to
perform such an operation with reasonable precision. Spe-
cially, when the two classes of sites have affinities which are
reasonably close, such as within a factor of 10, even in the
absence of experimental error the limiting slopes do not cor-
respond to the individual binding affinities.

In the past two decades, improvements in computer soft-
ware and advances in methods of analysis have paralleled
computer hardware developments. Therefore, the best ap-
proach to analyze experimental binding data is to perform
regression analysis on the original data, without any transfor-
mations, by a non-linear least-squares method. The most com-
monly used and commercially available non-linear least-
squares regression program use the method of parameters
optimization to achieve the best fit of the model to the experi-
mental data. Analysis of experimental data requires that one
assumes a mathematical relationship between the observed
quantities, the dependent variables, and the independent vari-
ables. This relationship is the fitting function [7]. For the
simplest one-site model, the mathematical expression for de-
scribing the equilibrium system is a quadratic equation, and
the physically meaningful root can be easily identified [10-12].
For the two-site model, however, combining all partial equili-
bria and mass conservation, one obtains a cubic equation.
Roots of polynomials degree n>2 are usually extracted by
methods of numerical analysis [13]. Since a polynomial of »
degree has n roots, in the case of numerical methods one
would be faced with the possible existence of multiple real
roots [14].

In the present paper, the properties of the roots of the
general cubic equation have been analyzed in detail. For the
most frequently used two-site model, a unique physically
meaningful root of the corresponding cubic equation has
been identified unambiguously. Thus, this algebraically expli-
cit equation can be put into a commercially available non-
linear regression computer program, all unknown parameters
can be determined correctly by fitting this equation to the
experimental data without any data transformation.
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2. Theory

2.1. Exact analytical expression for describing two-site binding
model
When a protein molecule has two classes of non-interacting
binding sites, the concentration of bound ligand molecules,
[L}s, is given by
[RilolL] | [Relo[L]

=k L T K+ 1] M

where [L] is the free ligand concentration, Ki, [R;]y and K,
[Ro]y are the dissociation constants and the binding capacity
for classes 1 and 2, respectively [15-17].

Substitution of the mass conservation equation,
[L]s=[L]o—[L], into Eq. 1 and rearrangement yields
(L] + alL) + b[L]+¢=0 )
where

a=Ki+ Kz + [Ri]y + [Re]o—[L]
b= K1 K> + Kz[Ri], + Ki[Ro],— (K1 + K3)[L],
¢ = —KlKg[L]O
Let [L]=u—(a/3), we get the transformed equation
ul— fJz—b u-+ ias—lab—kc =0 (3)
3 277 3 h

Since A <0, the three real roots of Eq. 3 are given by [18]

=3 /(@ Bjeos s (4)

Uy = ; v/ (a®—3b)cos 21t3—9 )

uz = % v/ (a?—3b)cos 215;— o (6)

where
—2a® + 9ab—27c

21/(a?—3b)°

0 = arccos (0<B<m)

According to the definition of  and the physical conditions
of the problem proposed, it can be verified that u; expresses
the unique physically meaningful root of Eq. 3, and u; and us
have no reference to the problem proposed (see Appendix).
Thus, the physically meaningful root of Eq. 2 can be written
as

[u=—§+§(ﬁ4mw% )

and the expression for the concentration of bound ligand
molecules, [L];, is given by

(L), = [Ly=[2] = (L], + 5 — 2 /(@ 3)cos ®)

To test the validation of the new method, the theoretical data
(O, Fig. 1) were artificially generated on the computer with
Eq. 1, and then Eq. 8 was fitted to the data by using a com-
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mercially available non-linear regression program, SigmaPlot
V.2.00 ( , Fig. 1). It can be seen from Fig. 1 that with the
explicit analytical expression, the non-linear least-squares
curve fitting of the binding parameters can give exact values
of the parameters for the theoretical data (the standard errors
for the all parameters equal to zero).

For the spectroscopic titration experiments, assuming that
the change in spectroscopic signal, AF, is directly proportional
to the concentration of bound ligand, [L],, the signal for
protein-ligand interaction can then be written as

AF::CU&::C{Mh+§—§\Mﬁ—3Mumg} 9)

The constant C is a measure of the change in signal (AF)
changes per unit complex concentration (molar signal coeffi-
cient). In the absorption spectroscopy, C is a molar difference
absorption coefficient Ae.

In the conventional spectroscopic titration experiments, the
stock ligand concentration should ideally be about 100 to 500-
fold that of the final ligand concentration to be tested. This
will minimize dilution of the protein solution, which should
not be diluted by more than 5%. In practice, however, due to
some reasons, such as poor solubility of ligand and so on, it is
often difficult to prepare highly concentrated ligand stock so-
lution. In these situations, the conventional spectroscopic
method cannot be applied to determine the dissociation con-
stants of protein-ligand complexes. Some years ago, a novel
spectroscopic titration method was developed to solve this
problem [12]. With the analytical expression given above,
this method can be easily applied to the case of the two-site
model.

If the initial volume and concentrations of the binding site
in solution are V7, [Ry]’, and [Ry]’, respectively, and the ligand
concentration in stock solution is {L]’, then the total concen-
trations of binding sites ([R1]o, [R2)o) and ligand ([L]y) can be
obtained by accounting for the total volume of the aliquot
(V.) added during titration experiment:

[Ro]'V’ _ v

alid Y =
Vv, Ty,

Vv 10

[RI]O = [R2]0 =

By substituting Eq. 10 into Eq. 9, one can obtain a explicit
analytical relationship between AF and V.

2.2. Analytical expression for describing displacement analysis
curve

There is an alternative method for the study of receptor—-
ligand binding. It involves incubation of a fixed amount of
radio-labeled ligand and various concentrations of unlabeled
ligand with the receptor, and measurement of bound concen-
tration of labeled ligand as the function of increasing concen-
trations of unlabeled ligand. A major problem generally en-
countered during receptor-ligand binding studies is the
presence of non-specific binding, defined as a low-affinity li-
gand binding to non-receptor domains that does not show any
saturating behavior within the range of ligand concentration
used [8,19]. As a consequence of such non-specific interaction
the binding of radio-labeled ligand cannot fully be displaced
by a homologous unlabeled ligand. Assuming that the radio-
labeled and unlabeled ligands have the same binding affinities
for the two classes of sites, the binding equation for describing
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this equilibrium system can then be written as
[RuJo[L] [Ralo[Z]

= v K ez v (1)
a _ [RdplL] [Ro],[L*] .
S iR R T R R (12)

in which the experimentally obtained value for the total
amount of labeled bound ligand [L*], is a component and a
non-specific component characterized by the constant V.

From Eq. 11 and 12, we have
(L], _ [Lo—[L] _ [Z]

TRNTERS TR (19

and

LW 1

o T T o

Let [Lt| = [L] + [L*] and [Lt1], = [L], + [L*],, one can obtain
*] [L*](]

[L ] - [L]O 4 [L*]O [LT] (15)

From Egs. 11 and 12, we have

(Lt + a[LT)* + b|Ly] + ¢ =0 (16)

where

a={(Ki + K2)(1 + N) + [Ri], + [Re]p—[L71)y}/(1 + N)

b= {(KiKs(1 + N) + K3 [R1]; + Ki[Re]g— (K1 + K3)[Lt]o}/(1 + N)

¢ = —KiKo[Lily/(1+ N)

2.5 N 1 | T 1

L], (aM)

log[L], (M)

Fig. 1. A plot of a typical experiment for ligand binding to a pro-
tein with two classes of independent binding sites. The theoretical
data were generated according to Eq. 1 with parameters:
[Rio=05%x10"° M, [Rp=1.5X10"° M, K;=5.0x10710 M,
K,=4762x107° M (Q). Solid line ( ) represents the best-fit-
ting curve. Exact values of parameters were obtained by fitting Eq.
8 to the theoretical data using the non-linear regression program,
SigmaPlot V.2.00.
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Fig. 2. Percent of total '®I-insulin bound to liver membranes as a
function of total unlabeled insulin concentration. Data were taken
from Fig. 6 at 4°C of Kahn et al. [20]. The solid line ( ) repre-
sents the best fit of the data using Eq. 18. The optimized values of
Ky, Ka, [Ri]o, [R2)o, and N were 0.066+0.021 nM, 1.65+0.33 nM,
0.092 +£0.032 pmol/mg of membrane protein, 1.90+0.20 pmol/mg of
membrane protein, and 0.0102 +0.0046, respectively. The dotted line
(~-) was generated with the parameters obtained from the reference
[20].

Eq. 16 is identical in form with Eq. 2. Therefore, we have

a 2 0

it 2 hd

[L1] = 3 + 3 (a ?’b)cos3 (17)
The concentration of the bound radioactive ligand is given

by

(L"), = (Lo~

L], {Z S @3Bjcos 2~ g} (18)

(L], + [L*]p 13 3

Fig. 2 shows a example of analyzing a receptor-insulin
binding experiment by the new method. Data were taken
from Kahn et al. [20] and Eq. 18 was fitted to the data. The
solid line was best-fitting curve obtained from the new meth-
od, and the optimized values of Kj, K», [Ri]o, [Relo, and N
were 0.066+0.021 nM, 1.65 £ 0.33 nM, 0.092 + 0.032 pmol/mg
of membrane protein, 1.90 + 0.20 pmol/mg of membrane pro-
tein, and 0.0102 +0.0046, respectively. For comparison, the
dotted line was generated with the parameters given by refer-
ence [20]. It can be seen that the result obtained from the non-
linear regression method is much better than that obtained by
traditional plotting method.

3. Discussion

As mentioned earlier, analysis of experimental data by the
commonly used non-linear regression program requires an
explicit fitting function. Most of the mathematical formula-
tions for describing multiple equilibrium binding systems are
presented in terms of the free ligand concentrations rather
than total concentrations [21-23]. The use of these formulae
are, therefore, restricted to cases in which either the bound
concentrations of ligand are much smaller than the total con-



248

centrations so that the concentrations of free ligand can be
treated to be equal to their total concentrations, or the free
ligand concentrations can be determined accurately from ex-
periments. Often, these conditions are not met. In a receptor—
ligand binding experiment, the free ligand concentration is
usually calculated as the total ligand concentration minus
the bound concentration. When the concentrations of all the
species in system are comparable with each other and rela-
tively high with respect to the dissociation constants of corre-
sponding complexes, bound concentration is a significant frac-
tion of the total ligand concentration, and any small
experimental error in bound concentration will generate an
error in free concentration. In this case, since both the bound
and free concentrations have the same associated errors, the
error bar at the region of low ligand concentration will no
longer be vertical. This violates a fundamental mathematical
principle that imposes stochastic independence between the
variables in order for any regression analysis to be applicable
[6-8]. This problem can be approached in essentially two
ways. (1) The experimental data can be fitted to an explicit
mathematical expression presented in terms of the total ligand
concentration [10-12]. (2) Numerical methods can be used to
compute the free ligand concentrations from the total concen-
trations, and the bound ligand concentrations in turn can be
calculated from explicit expressions [8,19]. When a protein
molecule has two or more classes of independent sites, com-
bining all partial equilibria and mass conservation, one ob-
tains a polynomial of higher degree. The formulae for the
roots of cubic and quartic polynomials are cumbersome,
and there is no general expression for the roots of quintic
and higher degree polynomials. Therefore, roots of polyno-
mials degree » > 2 are usually extracted by methods of numer-
ical analysis [13,14,18]. Munson and Rodbard have developed
a numerical method for analysis of data from binding experi-
ments [19]. However, since a polynomial of n degree has n
roots, with an unfortunate starting value, the procedure will
converge to the wrong root or perhaps enter a non-convergent
cycle [24].

In the present paper, the unique physically meaningful root
for the most frequently used two-site model has been identi-
fied unambiguously. Thus, with this exact analytical expres-
sion and a commercially available non-linear regression pro-
gram, all unknown parameters can be correctly determined
from the experimental data. Comparing to the numerical
method developed by Munson and Rodbard, another major
advantage of using the analytical expression is that it can be
easily extended to analyze the results of the spectroscopic
titration experiments where the dilution of protein solution
cannot be neglected during the titration course. This is parti-
cularly useful if the ligand solubility becomes a problem, and
the conventional spectroscopic titration method is not applic-
able to determine the binding constants of protein-ligand
complexes [25].
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Appendix

In order to identify the physically meaningful root of Eq. 3,
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let us discuss some properties of angle 0 first. If the angle 8 be
between 0 and n/2 or if its cosine be positive, then (2n—86)/3
and (2r+0)/3 are both greater than n/2 and their cosines are
negative; but if 8 be between /2 and =& or if its cosine be
negative, then 6/3 and (2r—0)/3 are less than /2 and (2n+6)/3
greater than m/2, that is

0<6/3<n/3, 0.5<cos(8)/3<1
n/3<(2r—0)/3<2n/3, —0.5<cos(2n—0)/3<0.5
2n/3<(2r 4+ 08)/3<m, —I1<cos(2m+ 6)/3<—0.5

It can be seen from the discussion given above that
uy > uy > u3, and u; is always a positive root and 3 a negative
root of Eq. 3, whatever the value of 6 may be. Therefore, the
three roots of Eq. 2 are given by [L],=u—(a/3), i=1, 2, 3.

According to the definition of u and the physical conditions
of the problem proposed, one can obtain

u=(a/3)+[L] = {3[L] + K1 + Kz + [Ri]; + [Re]g—[L]}/3
= {2[L} + K1+ Ky + [Rl}o + [RQ]O_[L]b}/3>0

On the other hand, since [L] is the concentration of free li-
gand, we have

[L] = u—(a/3)>0 or u>(a/3)

Therefore, a physically meaningful root of Eq. 3, u, must
satisfy the following condition:

u>max{a/3,0} (41)

That is, u > (a/3) if >0, and u >0 if a <0. Since u3 is always
a negative root, it can be excluded first. For u;, according to
the relationships between the roots and coefficients, we have

(L], [L][Ll; = {w1—(a/3) H{ua—(a/3) Hus—(a/3)}
= K1 K,[L),>0 (42)

When a >0, there must be two negative roots and one posi-
tive root since {us—(a/3)} is always negative. As we have seen,
) > uy, it must follow therefore that u;—(a/3)>0 and
us—(a/3) <0, i.e., uys <a/3. On the other hand, when a <0,
—2a%+9ab—27¢ > 0, cos0 > 0. It can be seen from the discus-
sion given above that in this case we have u; <0 because
(2r—0)/3 is greater than m/2. Thus, according to inequality
(A1), uy should also be excluded and u; expresses the unique
proper root of Eq. 3. u; and ug have no reference to the
problem proposed. Therefore, the unique rational root of
Eq. 2 is given by

a 2 0
__4,¢ 2_ 2
[L] 3 + 3 (a®—3b)cos 3 (43)
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